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Abstract
Let G be the family of all c-connected (c=4 or 5) polyhedral supergraphs G of a given
connected planar graph H where the mimimum vertex degree of G is 5. Let R(H) denote
the maximum face size of H . We have proved for all non-empty families G: In the case
R(H)¡c, every G ∈G has a subgraph isomorphic to H whose vertices have a degree in G which
is restricted by a number q= q(H;G). In the case R(H)¿ c, such a restriction does not
exist if H has a vertex of degree ¿ 5 or if H is 3-connected. c© 2002 Elsevier Science B.V.
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1. Introduction
Throughout this note we consider planar graphs without loops and multiple edges.
For a plane graph G, that is an embedding of a planar graph, let V =V (G), E=E(G),
F =F(G) denote the vertex set, edge set and the face set of G, respectively. The
vertex degree of x∈V (G), i.e., the number of edges incident with x, is denoted by
degG(x). Let (G) and (G) denote the minimum and maximum (vertex) degree of
G, respectively. The face size of ∈F(G) is the number of edges incident with 
(where bridges are counted twice). Let R(G) denote the maximum (face) size of G.
A path or cycle on k vertices x1; x2; : : : ; xk is called a k-path or k-cycle and denoted
by Pk = [x1; x2; : : : ; xk ] or Ck = [x1; x2; : : : ; xk ], respectively. A star consisting of n + 1
vertices is denoted by K1; n. And, as usual, for a given G=(V; E) with some e∈E the
graph (V; E\{e}) is denoted by G − e.
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Let G be a family of polyhedral graphs. A connected planar graph H which is a sub-
graph of some member of G is called light in G, if there is an integer q= q(H;G) such
that every G ∈G, H ⊆ G, contains a subgraph K isomorphic to H with degG(x)6 q
for every x∈V (K). Otherwise, H is said to be non-light in G.
The following assertions present some known results on light graphs in families
G(c; ) of polyhedral graphs where G(c; ) denotes the family of all c-connected planar
graphs with minimum degree at least .
(i) For =3 and 4, H is light in G(3; ) if and only if H is a path [2,3].
(ii) H is light in G(4; 4) if and only if H is a path or a 4-connected triangulation
[9].
(iii) The following listed graphs are light in the families G(c; 5) where 36 c6 5:
C3 [7],
Pk; k¿ 1 [2],
K1;3; K1;4 [5],
C4; C5; K4 − e [8],
C6 [10].
(iv) Ck; k¿ 11, is non-light in G(3; 5) [6].
(v) H is non-light in G(3; 5) if (H)¿ 5 [1].
Let us remark that the precise bounds of the minimum integer q of light paths in
4-connected polyhedral graphs are known [4].
Notice, that not every planar graph is a subgraph of a 4-connected or 5-connected
planar graph (e.g., a 3-connected planar graph with a separating 3-cycle or a
4-connected planar graph with a separating 4-cycle, respectively). An easy observation
(see, Section 2) yields the following statement.
Proposition 1. Given c=4 or 5. Every connected planar graph H with R(H)¡c and
H ⊆ G for some G ∈G(c; 5) is light in G(c; 5).
What about non-light graphs in G(c; 5), c=4 or 5? In order to prove (iv) Jendrol’ et
al. [6] have constructed a special graph Hk . The graph Hk is 4-connected but not also
5-connected which means that the cycle Ck with k¿ 11 is non-light in G(4; 5) and
that it remains open whether Ck with k¿ 11 is light or not in G(5; 5). The following
theorem is the main result of this note; we shall prove it in Section 2.
Theorem 2. Given c=4 or 5. A connected planar graph H with R(H)¿ c and H ⊆
G for some G ∈G(c; 5) is non-light in G(c; 5) if (H)¿ 5 or if H is 3-
connected.
Let us remark that this result is best possible in the sense that there are light graphs
in G(c; 5), c=4 or 5, which have maximum degree 4 or which are 2-connected, e.g.,
K1;4 and C5, respectively.
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2. Proofs
Proof of Proposition 1. For c=4, R(H)= 3 implies that H is a triangulation. Then,
either H is isomorphic to C3 or the only member of G(4; 5) containing H as a subgraph
is H itself.
For c=5, either H is isomorphic to one of C3, C4, K4 − e or every supergraph
G ∈G(5; 5) of H is in consequence of R(H)6 4 a subgraph of some triangulation of
H in the plane which implies degG(x)6 2 degH (x), for all x∈V (H)=V (G). But, C3
is light by [7] and C4, K4 − e are light by [8]. That proves our statement.
Let Dk (k¿ 3) denote the connected planar graph on 2k vertices obtained from two
vertex-disjoint k-cycles Ck = [u1; u2; : : : ; uk ] and C′k = [v1; v2; : : : ; vk ] in the following
way. First, draw Ck into the plane. Then, draw C′k into the resulting Jnite face and
connect the vertices of Ck and C′k by edges uivi; uivi+1 for i=1; : : : ; k (where subscript
addition is taken modulo k).
It is easy to see that Dk is 4-connected and that every 3-connected subgraph of Dk
cannot have less than 2k − 1 vertices.
Now, let H be a connected plane graph with R(H)¿ c (c=4 or 5) and where
G(c; 5) contains a supergraph of H . To prove our main result we need the following
lemma.
Lemma. For any r¿ 5 there exists a graph G ∈G(c; 5) with H ⊆ G such that at
least one of the following properties holds.
(i) Every subgraph of G isomorphic to H has a vertex of degree ¿r in G.
(ii) H is a subgraph of Dcr−c.
Proof. Let K ∈G(c; 5) be a supergraph of H . Since adding edges does not decrease
connectivity we may assume that K is a triangulation. For any Jxed r¿ 5 we shall
construct a graph G ∈G(c; 5), H ⊆ G, such that (i) or (ii) is satisJed.
Construction rule: Let Qk(k¿ 3) denote the plane Jgure which is derived from Dk
by inserting a new vertex w into the face v1v2; : : : ; vk with edges wvi (i=1; : : : ; k).
Case c=4: Consider some edge e= xy∈E(K)\E(H). Clearly, e is incident with
two diKerent triangles xyz; xyz′ ∈F(K). Remove e from K and insert into the re-
sulting quadrangle = xzyz′ a Jgure Q4r−4 with additional edges xui (i=1; : : : ; r),
zui (i= r; : : : ; 2r − 1); yui (i=2r − 1; : : : ; 3r − 2), z′ui (i=3r − 2; : : : ; 4r − 3), where
subscript addition is taken modulo 4r − 4. The so constructed graph K ′ is again a
triangulation of G(4; 5) where all vertices of the former quadrangle  have a degree
¿r in K ′. Apply, now, the described inserting procedure successively to each edge of
E(K)\E(H) with respect to the stepwise just before constructed graph and denote the
eventually resulting graph by G. Obviously, G is a triangulation of G(4; 5) containing
H as a subgraph.
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Case c=5: Consider a vertex x∈V (K) in a triangle xyy′ ∈F(K) with edges
xy; xy′ ∈E(K)\E(H), and let A denote the set consisting of all such vertices in K .
R(H)¿ 5 implies that A is diKerent from the empty set. The edges xy and xy′ are
incident with triangles xyz and xy′z′ ∈F(K), respectively, such that y = z′; y′ = z and
z = z′. Remove xy and xy′ from K and insert into the resulting pentagon = xzyy′z′ a
Jgure Q5r−5 with additional edges xui (i=1; : : : ; r), zui (i= r; : : : ; 2r−1), yui (i=2r−
1; : : : ; 3r− 2), y′ui (i=3r− 2; : : : ; 4r− 3), z′ui (i=4r− 3; : : : ; 5r− 4), where subscript
addition is taken modulo 5r − 5. The so constructed graph K ′ is again a triangulation
of G(5; 5) where all vertices of the former pentagon  have a degree ¿r in K ′.
Remove from A now all the vertices which are incident with  in K\{xy; xy′} and
apply the above described inserting procedure successively as long as possible to a
vertex of A with respect to the stepwise just before constructed graph. Denote the
eventually constructed triangulation by G. Clearly, G is a member of G(5; 5) which
contains H as a subgraph.
Suppose, now, that not every subgraph of G which is isomorphic to H has a vertex
of degree ¿r in G. Then, the subgraph G[X ] of G induced by the set X = {x∈V (G) |
degG(x)6 r} contains a subgraph H˜ which is isomorphic to H . Put V (G)=V1∪V2∪V3
with V1 =V (H), V2 =V (K)\V (H), V3 =V (G)\V (K), which is a decomposition of the
vertex set of G. The construction rule of G implies that V (G[X ])=X is a subset of
V1 ∪V3 and, moreover, that vertices of V1 ∩X and those of V3 ∩X belong to diKerent
components of G[X ]. Because of R(H)¿ c (c=4 or 5) V1 contains a vertex x with
degG(x)¿r. The required connectivity of H and also of H˜ yields H˜*G[V1 ∩X ] and,
consequently, H˜⊆G[V3∩X ]. Considering, eventually, that all components of G[V3∩X ]
are subgraphs of Qcr−c, H˜ must also be a subgraph of Qcr−c which conJrms the
statement.
Proof of Theorem 2. In the case (H)¿ 5 we deduce H * Dk from (Dk)= 4, for
every k¿ 3. Applying our Lemma H cannot be light in G(c; 5) for c=4 or 5.
In the case (H)6 4 we may assume that H is 3-connected. Suppose that H is
light in G(c; 5) for c=4 or 5. Then there is a positive integer q such that the graph
G ∈G(c; 5) we have constructed before contains a subgraph H˜ isomorphic to H with
degG(x)6 q for each x∈V (H˜). That is true, particularly, for G with r ¿q. Applying
our Lemma again we obtain that H must be a subgraph of Dcr−c. The 3-connectivity
of H implies |V (H)|¿ 2(cr − c) − 1. Choosing r large enough, e.g., r¿ |V (H)| we
obtain with c=4 or 5 the inequality
2¿ (2c + 1)=(2c − 1)¿ |V (H)|:
That yields a contradiction and proves Theorem 2.
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